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ABSTRACT: In this article, a novel and efﬁcient approach for modeling radio-frequency
microelectromechanical system (RF MEMS) resonators by using artiﬁcial neural network
(ANN) modeling is presented. In the proposed methodology, the relationship between
physical-input parameters and corresponding electrical-output parameters is obtained by
combined circuit/full-wave/ANN modeling. More speciﬁcally, in order to predict the
electrical responses from a resonator, an analytical representation of the electrical equivalent-network model (EENM) is developed from the well-known electromechanical analogs. Then, the reduced-order, nonlinear, dynamic macromodels from 3D ﬁnite-element
method (FEM) simulations are generated to provide training, validating, and testing
datasets for the ANN model. The developed ANN model provides an accurate prediction
of an electrical response for various sets of driving parameters and it is suitable for
integration with an RF/microwave circuit simulator. Although the proposed approach is
demonstrated on a clamped-clamped (C-C) beam resonator, it can be readily adapted for
the analysis of other micromechanical resonators. © 2004 Wiley Periodicals, Inc. Int J RF and
Microwave CAE 14: 302–316, 2004.

Keywords: artiﬁcial neural networks; computer-aided design; equivalent circuits; ﬁnite-element
methods; microelectromechanical devices

I. INTRODUCTION
Several full-wave numerical methods, including
boundary element (BE), ﬁnite element (FE), and ﬁnite-difference time-domain (FDTD) [1– 4], are currently being used for an accurate modeling of RF
MEMS devices. Although these methods provide necessary accuracy, they are generally limited to a single
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analysis for a speciﬁc structure, and their computational overhead (running time, memory) becomes extensive when a number of simulations with different
mesh properties are needed. On the other hand, ANNbased algorithms have a great advantage in reducing
the computational cost, especially when implemented
within a circuit simulator that has integrated ﬁnetuning and optimization options. Based on the massively parallel nature of a neural network model,
which is capable of modeling nonlinear mappings of
multiple input/output variables, this approach has provided an accurate device characterization and efﬁcient
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prediction of unknown input-output relationships with
low computational overhead. Thus, it allows fast calculation of output values for a set of arbitrary input
parameters. The main disadvantage of ANN modeling
is the extensive time and effort needed to prepare the
training dataset, which sometimes can be too difﬁcult
to obtain.
Due to their electrical and mechanical nature,
MEMS devices traditionally have been analyzed in
both electrical and mechanical domains [5–7]. Coupling between the two domains was achieved using
empirical/analytical expressions or via full-wave
analysis. An alternative way of analyzing MEMS
devices (RF MEMS resonator in our case) is to
employ ANN modeling. To do so, several classical
approaches for the modeling of electromechanical
devices and systems must be utilized. It is necessary, for example, to develop a macromodel for the
resonator’s mechanical behavior. Then, a full-wave
method must be used to capture all essential characteristics, including nonlinearities and parasitic
effects of the MEMS resonator. From this analysis,
a set of physical parameters, such as the damping
coefﬁcient, stiffness, and effective mass of the resonator, can be extracted. The obtained parameters
can be inserted into the EENM to produce the
electrical/dynamic responses using electromechanical analogs [8]. The EENM provides a convenient
method for modeling and simulating the behavior
characteristics of a RF MEMS resonator, since
electrical/dynamic outputs are obtained without utilizing thousands of degrees of freedom (DOF), as in
the case of a full-wave FEM simulation.
In this article, an ANN-based modeling approach
is proposed for the efﬁcient analysis of the C-C
beam RF MEMS resonator. The model is trained by
appropriately selected datasets from both the FEM
simulator [9] and EENM, and it is constructed by
the use of the neural network design (NND) toolbox
in MATLAB [10]. A methodology is demonstrated
in which a feed-forward (FF) back-propagation network is implemented to model the selected resonator. The inputs to the ANN model are the geometrical parameters of the resonator (length, width,
DC-bias voltage, and resonator-to-electrode gap),
while the outputs are resonant frequency, dynamic
and static output currents, input impedance, and
beam displacement. Once the ANN model is generated, its implementation in an RF/microwave circuit simulator makes a fast prediction of electricalcircuit responses for a wide range of geometrical
parameters and excitations feasible. A similar procedure can be applied to MEMS-based circuits and
devices such as switches, accelerometers, mi-
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Figure 1. Conﬁguration of a C-C beam RF MEMS resonator.

cromirrors, and so forth. For example, the performance of a CPW-based MEMS capacitive switch is
dependent on the geometrical variations of the
switch, such as bridge dimensions, air gap, CPW
gap, and so on. [11, 12]. Provided that an adequate
training dataset is obtained from either measurements or a full-wave simulation, the ANN should
successfully approximate the desired input/output
mapping within the ranges of the valid device parameters.
This article is organized as follows. In section II,
the C-C beam resonating structure is introduced. A
methodology for building an ANN model is discussed
and demonstrated in sections III and IV. The results
are presented in section V. A review of the electromechanical analogs and the derivation of the EENM
are given in the Appendix.

II. CLAMPED-CLAMPED BEAM RF
MEMS RESONATOR
The C-C beam RF MEMS resonator [13] is selected
as the device for which an ANN model will be derived. It is important to note that a similar methodology can be applied to other structures, such as freefree beam and circular-disk resonators [13, 14]. The
schematic of a C-C beam resonator is shown in Figure
1. The appropriate geometrical parameters and material properties, as well as DC-bias voltage and AC
excitation, are given in Table I.
The resonator is composed of a ﬁxed beam suspended over an underlying electrode [15]. The superposition of DC-bias and AC-signal voltages induces the
electrostatic force and time-varying force, thus generating the vibration of the resonating beam in the vertical
z-direction. The zero-to-peak displacement amplitude at
the center of the beam is obtained when the frequency of
the AC excitation source matches the natural frequency,
which is determined by the physical parameters of the
structure. Deterministic static capacitance per unit dis-
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TABLE I. Parameters of a C-C Beam RF MEMS
Resonator
Parameter
Resonator-beam length
Resonator-beam width
Resonator-beam thickness
Electrode area
Electrode-to-resonator gap
Anchor area
Elastic modulus of polysilicon
Density of polysilicon
Poisson’s ratio
DC-bias voltage
Magnitude of AC-signal voltage

Value

Unit

16
8
2.1
8⫻8
0.07
8⫻8⫻2
150
2300
0.29
35
2

m
m
m
m2
m
m2
GPa
kg/m3
—
V
mV

placement is computed at the center of the resonating
beam when the beam is vibrating at the natural frequency. The change of resonator-to-electrode capacitance per unit displacement induces a time-varying current, which can be measured at the sensing electrode
under the resonating beam. By changing the geometrical
parameters (such as the resonating-beam length and
width, the gap between the resonating beam and the
electrode, and the DC-bias voltage), the corresponding
electrical responses can be obtained. The methodology

used to realize the characterization of these electrical
responses (resonant frequency, input impedance, output
current, and so forth), is demonstrated in the following
sections.
The ﬁrst few mode shapes of the C-C beam resonator
are given in Figure 2. As expected, the wave propagation
prevails along the length of the resonator (the y-direction
in Fig. 1). When the frequency of an AC excitation
matches the fundamental frequency of the resonator, the
wavelength associated with the ﬁrst mode is comparable
to the length of the resonator. In addition, the maximum
displacement of the resonating beam and the largest
output current are observed for the ﬁrst mode. Therefore,
this mode is the most dominant and will be used to
develop a lumped-parameter model.
The C-C beam RF MEMS resonator that operates
near the natural frequency can be modeled by a parallel
RLC circuit, which represents the dynamic components
of the vibrations. The dynamic components are related to
the mass, stiffness, and damping coefﬁcient of the beam.
Electromechanical analogies are used to convert a mechanical system into its electrical analog, which thus
allows the analysis of an equivalent model in the electrical domain [16, 17]. The analogies and derivation of
the EENM are given in the Appendix.

Figure 2. First four electromechanical mode shapes of a C-C beam resonator based on the
geometrical parameters in Table I.
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Figure 3. Architecture of a two-layer ANN with the set of
input-output pair parameters.

III. ANN MODELING
The ANN architecture that will be used to obtain the
electrical responses is shown in Figure 3. It consists of
one input layer and one hidden layer with 36 neurons.
The strength of the connections between neurons is
described by the coefﬁcients comprising a weight
vector. Learning is accomplished by adjusting these
coefﬁcients until the network provides output results
with prescribed values.
To begin, a Levenberg–Marquardt (LM) backpropagation algorithm [18] is used for training, and the number of neurons and hidden layers are chosen based on
observations from Figure 4. A distinctive improvement
of the mean square error (MSE) is seen as the number of
neurons increases. It is seen that a local minimum MSE
better than 1.67E-04 is reached with 30 to 40 neurons for
both one and two-hidden-layers. Note that there is an
increase of MSE after passing through the ﬁrst local
minimum, which implies that the ANN starts overﬁtting
at that point In order to avoid this overﬁtting, 36 hidden
neurons with one hidden layer are selected. As expected,
the convergence time is much shorter for the one hidden
layer [see Fig. 4(b)].
Input vectors for the ANN model are the geometrical parameters of the C-C beam resonator. The
range of input variables is determined by the desired model-usage requirements (see Table II).
Among the input parameters, the electrode width is
assumed to be the same as the resonating beam
width and the magnitude of the input AC signal
source is 2 mV (as used throughout this article). In
order to train the ANN model, a number of simulations need to be performed using a full-wave
simulator (FEM in our case). In the input-parameter
dataset, some combinations of DC-bias voltages
and geometrical parameters (resonator width and
length) result in the resonating beam collapsing
down to the electrode. To avoid unreasonable datasets, dataset veriﬁcation is executed through the
graphical investigation of each resonant-mode

Figure 4. (a) MSE vs. the number of neurons in the
hidden layer and (b) number of neurons vs. the elapsed time
to reach MSE.

shape. This procedure led to the removal of about
5% of the datasets from the electrical network
model. In addition, training, validating, and testing
datasets are carefully generated, so that they are
different from each other.
TABLE II. Selection of the Range of Input Variables
for the ANN Model
Input Parameters
Resonator length [m]
Resonator width [m]
Gap [m]
DC-bias voltage [V]

Range

No. of Steps

10–30
6–24
0.05–0.2
20–200

8
10
8
8
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V. RESULTS

Figure 5. Block diagram of the ANN model.

IV. PREPARATION OF THE TRAINING
DATA FOR THE ANN MODEL
An ANN training dataset for the C-C beam RF
MEMS resonator is prepared from both the FEM
simulator and EENM. Once the results from the FEM
simulator are validated, data generation by the simulator has a number of advantages compared to that by
experiment. Any input parameter can be changed easily, because it is only a numerical change and does not
involve any physical/experimental change. Output
data from the simulator are the effective mass of the
resonating beam M, stiffness K, damping coefﬁcient
CD, and resonant frequency, as shown in Figure 5.
Note that once the ANN model is developed, there is
no need to execute a tedious and time-consuming
two-stage simulation process for obtaining various
electrical responses.
The range of input and output parameters obtained
from the FEM simulator and the EENM is given in
Table III. Due to the given material properties (see
Table I) and the limitation in achievable resonant
frequency for the case of a C-C beam-resonating
structure [19], the input-output pair ranges are determined as shown in Table III. The ANN model has
been developed for the C-C beam RF MEMS resonator in the 11–120-MHz range of resonant frequencies.

TABLE III.

The Levenberg–Marquardt (LM) and conjugategradient (CG) algorithms are compared in order to
obtain the ANN model for the C-C beam RF MEMS
resonator. A two-layer feed-forward back-propagation network is created with a four-element input
and LOGSIG neurons in the hidden layer. The ANN
model, trained with 210 training datasets, converged with MSE values of 1.38E-4 and 5.70E-3
using the LM and CG algorithms, respectively. The
MSE has been chosen as a performance index for
each training method, as shown in Figure 6. The
MSE for the validating dataset is monitored during
the training process in order to avoid overﬁtting of
the training dataset by performing simultaneous
training and testing of ANN (see Fig. 6). When the
network begins to overﬁt the training data, the error
on the validating dataset will typically begin to
increase, thus resulting in the termination of the
training process. In the case of the LM method, it
took 16 iterations and 10 sec on a PC (Pentium 4,
CPU 1.9 GHz) to meet the desired MSE. The CG
algorithm stopped after 62 iterations, but did not
reach the desired goal. Instead, it converged to the
MSE of ⬃10⫺3. It was found that although the LM
method requires more stringent computational capabilities, it is a signiﬁcantly faster and preferable
method to the CG algorithm.
By comparing the ANN models utilizing the LM
(Fig. 7) and CG (Fig. 8) algorithms, it was observed
that the trained data are dispersed with the insufﬁcient
correlations using the CG method. This means that the
required MSE from a CG algorithm should be reduced
to less than an order of 10⫺3. In order to prepare a
well-trained ANN model, the LM method is preferred
to that of the CG in this case. The LM algorithm
appears to be the faster ANN training algorithm, ir-

Input and Output Parameters and Their Ranges for Training the ANN Model

Input Parameters

Range

No. of
Steps

Resonator length L [m]

10–30

8

Resonator width W [m]

6–24

10

0.05–0.2

8

20–200

8

Gap d [m]
DC-bias voltage V [V]

Output Parameters

Range

Static beam displacement at DC [nm]
Dynamic beam displacement at AC [nm]
Static input impedance [M⍀]
Dynamic input impedance [M⍀]
Static output current [mA]
Dynamic output current [A]
Phase of dynamic output current [deg]
Resonant frequency [MHz]

0.11–20
0.003–5.2
0.1–6 K
0.8–13 K
0.009–127
0.009–16
23–37
11–120
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Figure 6. Comparison of MSE after training the ANN
model using the (a) conjugate-gradient and (b) Levenberg–
Marquardt training algorithms.

respective of the large number of computations [20].
Once the ANN model is trained, it needs to be tested
using the testing dataset, which is not used in any
capacity for training the ANN. Upon inserting the
testing dataset into the developed ANN model, the
excellent correlation between the ANN model and the
testing dataset is observed for all resonator parameters
(see Fig. 9).
After training, the relationships between the geometrical inputs and various outputs are obtained (see
Fig. 10). It is seen that good agreement between the
ANN model and the simulated data (EENM) is obtained with the relative error between 0.9% and 3%.
As the resonating beam length is increased, the resonant frequency is decreased [see Fig. 10(a)]. On the
other hand, the resonant frequency is slightly increased with the increase of the beam width [see Fig.
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10(b)]. The dynamic output current is affected by a
displacement between the resonating beam and the
electrode, that is, as the gap across two beams increases, the dynamic output current rapidly decreases
[see Fig. 10(c)]. Note that the maximum displacement
(in the vertical direction) of the beam occurs when it
vibrates in the ﬁrst mode shape for the lumped-parameters case (see Fig. 2). Physically, the ﬁrst mode
shape has a vertically symmetrical deformation, so
that the dominant wave propagates in the direction
along the length of the resonating beam. Thus, the
maximum dynamic-output current is induced for the
fundamental mode of the resonating beam, as shown
in Figure 11.
For further validation of the proposed method,
the resonant frequency, insertion loss, and dynamic
output current are extracted and compared with the
relevant model from the ADS [21]. As depicted in
Figure 11, excellent agreement between the ANN
and EENM models is obtained. Note that the electrical stiffness KE [⬃V2/d30, see eq. (A11)] was also
considered in computing the resonant frequency.
The device responses for the three models are compared (see Table IV) and their dynamic current
responses are computed in the frequency domain. It
is seen that the maximum dynamic-output current is
induced at the center frequency for each case [see
Fig. 12 (a)]. Figures 12(b) and 12(c) illustrate the
dynamic-output current response of the beam in the
time domain (L ⫽ 16m, W ⫽ 7m, gap ⫽
0.08m) when actuated by a DC bias (30 V) and
AC sinusoidal excitations (amplitude ⫽ 2 mV; frequency ⬃ 53 MHz). To demonstrate the low computational cost of the proposed methodology, the
computational times for the FEM model, the ANN
model, and the model in ADS are shown in Table
VI. It is clear that a large savings in the CPU time
is obtained by using the ANN model. Note that the
simulation time of the integrated ANN model is
similar to that of the ANN model before integration.

VI. CONCLUSION
An accurate and efﬁcient ANN-based approach for
modeling C-C beam RF MEMS resonators has been
developed. The electrical responses of a C-C beam RF
MEMS resonator are obtained through combined fullwave/circuit/ANN modeling. The developed model is
integrated within the ADS circuit simulator, thus allowing system-level circuit analysis and design, as
well as device and/or circuit tuning and optimization.
The developed methodology contributes to the re-
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Figure 7. Comparison of the ANN-model results with the electrical-network model of the C-C
beam resonator for the training dataset using the LM training algorithm: (a) resonant-frequency
response with 0.9986 correlation coefﬁcient; (b) magnitude of dynamic-input impedance response
with 0.9917 correlation coefﬁcient; (c) magnitude of dynamic-current response with 0.9912 correlation coefﬁcient; (d) amplitude of dynamic beam-displacement response with 0.9751 correlation
coefﬁcient at AC-signal voltage.

duced simulation time, effort, and associated cost
while preserving the accuracy of the full-wave model.
The development of the ANN model for other RF
MEMS resonating structures and the corresponding
accurate representation of an electrical equivalent network model (EENM) describing a distributed-parameter system are topics of future work.
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APPENDIX: DERIVATION OF
EQUATIONS FOR THE ELECTRICAL
EQUIVALENT NETWORK MODEL
The appropriate mechanical and electrical-circuit
models for the structure of a C-C beam resonator are
shown in Figures 13(a) and 13(b), respectively. From
Figure 13(a), we can write the motion equation as
F⫽M

d 2z
dz
⫹ Kz,
2 ⫹ CD
dt
dt
where

dz
⫽ v共velocity兲,
dt

(A1)

ANN Modeling of RF MEMS Resonators
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Figure 8. Comparison of the ANN-model results with the electrical-network model of the C-C beam
resonator for the training dataset using the CG training algorithm: (a) resonant-frequency response with
0.9733 correlation coefﬁcient; (b) magnitude of dynamic-input impedance response with 0.9913 correlation coefﬁcient; (c) magnitude of dynamic-current response with 0.9533 correlation coefﬁcient; (d)
amplitude of dynamic beam-displacement response with 0.9733 correlation coefﬁcient.

while the circuit equation of Figure 13(b) can be
formulated as
1
d 2i L 1 di L 1
IF ⫽ C 2 ⫹
⫹ iL
L
dt
R dt
L
1
⫽ 共i C ⫹ i R ⫹ i L兲.
L

(A2)

In (A2), iL denotes the current through the inductance
and IF is a current source analogous to the force
applied across the resonator. Relevant analogies between the corresponding mechanical and electrical

parameters are obtained by a direct comparison between eqs. (A1) and (A2), as shown in Table V. These
will be used for the electrical characterization of the
C-C beam RF MEMS resonator.
The capacitance C(t) across the beams is given by:
C共t兲 ⫽

 0A
d 0 ⫺ 共 z 0 ⫹ Re兵 zi ej  t 其兲

(A3)

where A is the overlapped surface area between the
two beams (WeWr). When both a DC-bias voltage and
an AC-signal source ((v i (t) ⫽ V i e j  t ,V i ⫽ V i e j  ))
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Figure 9. Comparison of the ANN-model results with the electrical-network model of the C-C
beam resonator for the testing dataset: (a) resonant-frequency response with 0.9795 correlation
coefﬁcient; (b) dynamic-input impedance response with 0.9974 correlation coefﬁcient; (c) magnitude of dynamic-current response with 0.9946 correlation coefﬁcient; (d) magnitude of dynamic
beam-displacement with 0.9818 correlation coefﬁcient.

are applied, the vertical displacement of the resonating beam from the original position can be written as
( z i ⫽ z i e j  ):
z共t兲 ⫽ z 0 ⫹ Re兵 zi e j  t 其
⫽ z 0 ⫹ z S共t兲

(A4)

By applying the Taylor-series expansion (1/(1 ⫾
⌬)2 ⫽ 1 ⫿ 2⌬ ⫹ 3⌬2 ⫿ 4⌬3 ⫹ . . . to eq. (A1), and
for(兩⌬兩 Ⰶ1 (as is the case here, (⌬ ⫽ z(t)/d0)), we
obtain the capacitance variation per unit displace-

ment (note that the fringing ﬁelds are neglected at
this time)

冉

冊

⭸C共t兲  0A
z共t兲
⬇ 2 1⫹2
.
⭸ z共t兲
d0
d0

(A5)

Due to the linearity of this conﬁguration, we can
superimpose these voltages and thus effectively state
that the sum of the voltages is applied across the
resonator’s gap. The time-varying force is equal to the

ANN Modeling of RF MEMS Resonators
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Figure 11. Comparison of the ANN model and EENM.
Input parameters: (1) L ⫽ 19 m, W ⫽ 7 m, gap ⫽ 0.08
m, and DC-bias voltage ⫽ 30 V; (2) L ⫽ 16 m, W ⫽ 7
m, gap ⫽ 0.07 m, and DC-bias voltage ⫽ 30 V; and (3)
L ⫽ 11 m, W ⫽ 8 m, gap ⫽ 0.07 m, and DC-bias
voltage ⫽ 30 V.

comes Re{V i e j  t }, (assuming VI ⫽ 0) and Vp, respectively:
F共t兲 ⫽

冉

冊

V P2
⭸E
z共t兲
V PV ie jt
⫽ C0 䡠
⫹ 2 V P2 ⫹
.
⭸ z共t兲
2d 0
d0
d0
(A6)

We denote the terms in eq. (A6) as follows:
F ⫽ F 0 ⫹ F z ⫹ F S,
where
F0 ⫽

C 0V P2
,
2d 0

Fz ⫽

C 0V P2
z共t兲,
d 02

FS ⫽

C 0V PV ie jt
.
d0

and
Figure 10. Various electrical responses from the trained
ANN model with the change of geometrical parameters: (a)
resonant frequency vs. resonating beam length; (b) static
output current vs. resonating beam length; (c) resonating
beam-to-electrode gap vs. dynamic output current.

rate of change of the stored electrostatic energy with
time-varying displacement and is generated by the
total voltages, while vi(t) and DC-bias voltage be-

The ﬁrst term, F0 represents the electrostatic force that
contributes to the deformation of the resonating beam.
The second term, Fz is governed by the time-varying
displacement of the resonating beam and the third
term, Fs represents the time-varying force induced by
the AC-excitation source. The total current through
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TABLE IV.

Comparison of Results from the ANN Model and EENM
Resonant Frequency [MHz]

Model No.
ANN model
EENM result
Relative error

1

2

39.5
39.34
0.1%

54.19
53.70
0.074%

3

1

101.5
101.7
0.2%

⫺5.33
⫺5.350
0.037%

the time-varying capacitor is composed of two terms
as follows:

冉

冊

1

⫺9.935
⫺9.987
0.052%

冉

冊

1
C 0V P
j  V iC 0 ⫹ j 
z ,
1 ⫹ j  R LC 0
d0 S

(A9)

where the ﬁrst term is the current through the capacitor C0, and the second term is the current corresponding to the variations of the resonating beam zs(t). As
seen in eq. (A9), the second term includes both electrical and mechanical parameters; thus, for a complete
electrical-domain representation, the displacement z S
must be replaced with an electrical parameter. As
shown in Figure 13(b), the mechanical motion of the
resonating beam can be represented by an appropriate
RLC parallel circuit. Finally, the currents through the
resistor and capacitor can be expressed in terms of the
inductor current iL as

冊

1
1
⫹
,
R jL

975
968
0.72%

709
713
0.56%

377
376
0.26%

I F共t兲 N LF共t兲

F
,
共 j  C D ⫹ K ⫺  2M兲

F ⫽ C 0 䡠

冉

冊

V P2
z
V PV i
⫹ 2 V P2 ⫹
.
2d 0 d 0
d0

Therefore,

冉

冊

V P2
C0
V PV i
䡠
⫹
2
共 j  C D ⫹ K ⫺ K E ⫺  M兲 2d 0
d0
⫽ z 0 ⫹ z S,
(A11)

z ⫽

electrical stiffness [N/m] is given by
KE ⫽

C0 2
V .
d 02 P

As expected, z is composed of two terms: one is the
electrostatic term, which is the off-resonant term
when  ⫽ 0, and the other is the time-varying term.
As indicated in eq. (A11), KE is seen to be a function
of the DC-bias voltage Vp and electrode-to-resonator
gap d0, which means that resonant frequency is tunable with the adjustment of the DC-bias voltage and
electrode-to-resonator gap.
When the electrical stiffness is increased, the resonant frequency is lowered accordingly. From eqs.
(A9) and (A11), the total current I Ci exited on the
resonator due to applied DC bias and AC excitation is
given by
I Ci ⫽

(A10)

3

where

where
d
di L
V⫽L
and
3 j
dt
dt
⫽ iC ⫹ iR ⫹ iL

2

Using electromechanical analogies, we obtain

(A8)

where V Ci (t) ⫽ (V P ⫹ v i (t))1/(1 ⫹ j  R L C 0 ) is the
voltage across the time-varying capacitance, and z S (t)
⫽ Re{ z i e j  t }.
The second term in eq. (A8) can be ignored, since
vi Ⰶ vp and it is very small compared to the ﬁrst term;
thus,

冉

⫺8.176
⫺8.215
0.047%

z ⫽

C0
C0
1
j
V z 共t兲 ⫹ j 
V z共t兲
1 ⫹ j  R LC 0
d0 P S
d0 i

IF ⫽ V 䡠 jC ⫹

3

(A7)

⫹ j  V iC 0 ,

I Ci ⫽

2

V共t兲 N j  Lz共t兲,

⭸
I Ci共t兲 ⫽ 共C共t兲V Ci共t兲兲,
⭸t
I Ci共t兲 ⬇

Q Factor

dB (S 21 )

冉

1
j  V iC 0
1 ⫹ j  R LC 0

⫹ j

冊

C 02V P2 V i
1
.
d 02 共 j  C D ⫹ K ⫺ K E ⫺  2M兲

(A12)
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Analogs
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Corresponding Mechanical/Electrical

Mechanical
Parameter
Damping
coefﬁcient C D
Stiffness 1/K
Mass M
Force F
Displacement z

Units

Electrical Parameter

Units

N/(m/s)
(N/m)⫺1
Kg
N
m

Conductance
G (⫽ 1/R)
Inductance L
Capacitance C
Current (1/L)I F
Current i L (V/j  L)

⍀⫺1
H
F
A
A

Assuming the denominator of the right-hand side of
eq. (A12), 1 ⫹ jRLC0 ⬇ 1, since RLC0 Ⰶ 1:

冦

ICi ⫽ jV iC0 ⫹ KEC0
⫽ I C0 ⫹ I C1

冧

1
䡠 V i
K ⫺ KE
CD ⫹
⫹ jM
j

冉

冊

(A13)

As is seen, the current Ic1 in eq. (A13) is dependent on
the AC-signal source, V i ⫽Vicost.
Finally, the input impedances seen at the excitation
port of the resonator in the steady state [eq. (A14)]
and in the dynamic state [eq. (A15)] are resepectively
given by

Z in_steady-state ⫽

TABLE VI.
Models

1
Yin_steady-state

⫽

1
,
jC0

(A14)

Comparison of Simulation Time for the

Model
FEM model
ANN model
Implemented ANN model

Simulation Time
70 sec
1.37 sec
1.49 sec

Figure 12. (a) Dynamic output-current comparison of
ANN model with simulator result: (1) L ⫽ 19 m, W ⫽ 7
m, gap ⫽ 0.08 m, and DC-bias voltage ⫽ 30 V; (2) L ⫽
16 m, W ⫽ 7 m, gap ⫽ 0.08 m, and DC-bias voltage ⫽
30 V; and (3) L ⫽ 11 m, W ⫽ 8 m, gap ⫽ 0.07 m, and
DC-bias voltage ⫽ 30 V. (b) Dynamic output-current response in the time domain in the case of (2). (c) Larger view
of Fig. 12(b): the response of the beam in the time domain
between 50 sec and 50.1 sec. It is shown that good
agreement is obtained between the ANN model and the
simulator result.
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tions in section III, the electrical responses, as well as
the physical responses from the C-C beam RF MEMS
resonator, are obtained and compared with the results
from the ANN model.
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